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We consider a class of 2 +D - dimensional string backgrounds with a target space metric
having a covariantly constant null Killing vector and flat ‘transverse’ part. The corre-
sponding sigma models are invariant under D abelian isometries and are transformed by
O(D,D) duality into models belonging to the same class. The leading-order solutions of
the conformal invariance equations (metric, antisymmetric tensor and dilaton), as well as
the action of O(D,D) duality transformations on them, are exact, i.e. are not modified by
α′-corrections. This makes a discussion of different space-time representations of the same
string solution (related by O(D,D|Z) duality subgroup) rather explicit. We show that the
O(D,D) duality may connect curved 2 +D-dimensional backgrounds with solutions hav-
ing flat metric but, in general, non-trivial antisymmetric tensor and dilaton. We discuss
several particular examples including the 2 + D = 4 - dimensional background that was
recently interpreted in terms of a WZW model.
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1. The aim of the present paper is to study the action of the duality transformations on
a simple class of exact string solutions which have a covariantly constant null Killing vector.
Such (‘plane wave’ type) solutions of Einstein equations are well known [1]. Some particular
examples of such spaces were found to be solutions of the string effective equations to all
orders of α′ perturbation theory [2][3][4][5][6][7][8]. In the case when the ‘transverse’ space
is not described by a conformal theory (e.g. is not flat) one finds more general solutions with
the ‘transverse’ couplings satisfying the first order renormalisation group - type equations
(with the light-cone coordinate playing the role of the RG time) [9][10]. The advantage of
the ‘plane wave’ backgrounds is their simplicity and controllable (or vanishing) quantum
α′-corrections. This suggests that duality transformations acting on such backgrounds
should also take an explicit form.1
As it is well known, string solutions with D abelian isometries are transformed into
each other by theO(D,D|R) duality rotations (see, e.g., [12][13][14][15][16][17][18][19][20][21]).
The origin of this symmetry is in the 2d duality on the string world sheet that relates ‘left’
and ‘right’ parts of the isometric string coordinates leading to the O(D) × O(D) sym-
metry in the correlators of vertex operators and thus (extended off shell) in the string
field theory [18] or string effective action. Combining the O(D) × O(D) rotations with
the obvious GL(D,R) coordinate transformations and constant shifts of the antisymmet-
ric tensor one finds the O(D,D|R) duality group. This symmetry becomes manifest in
the phase-space approach [12][17] or closely related (non-manifestly Lorentz invariant) La-
grangian approach [22]. From the sigma model path integral point of view, one is able
to make the formal 2d duality transformation (via introducing Lagrange multipliers or
gauging) that transforms one sigma model into its O(D,D|R) rotation [14][19][20]. Un-
der special conditions (compactness of orbits of isometries) the transformations from the
O(D,D|Z) subgroup relate the backgrounds that correspond to the same conformal field
theory [19][20].
1 Simple one-isometry duality transformations of the ‘plane wave’ backgrounds were previously
discussed in [11].
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In general, the leading-order duality preserves only the one-loop conformal invariance
equations, i.e. transforms the leading-order string solutions into the leading-order ones (or
exact solutions into leading-order ones). In fact, the leading-order duality transformation
rules are known to be modified by α′-corrections [15][23]. However, such α′-corrections may
be absent for certain backgrounds. Then the leading-order duality transformations would
relate exact string vacua. A recent example is provided by the duality in the SL(2, R)/R
2d ‘black hole’ background [24][15] which remains semiclassical in a specific scheme [25].
Similar result is true for the duality in the [SL(2, R) × R]/R gauged WZW model (3d
‘black string’ [26]) which also retains its semiclassical form in a special scheme [27][28].
2. Below we shall present a simpler and more explicit example of a situation when
the leading-order duality transformations are actually exact. Consider a sigma model
with coordinates xi describing a flat Euclidean signature (or toroidal [29]) background
parametrised by constants gij , bij , φ (i, j = 1, ..., D). Coupling it to an additional sigma
model with coordinates ta (i.e. making g, b, φ dependent on ta) one gets a class of models
with D abelian isometries which is invariant under O(D,D|R) duality.2 One obvious
possibility is to consider a class of cosmological backgrounds by taking ta to be just one
time coordinate. The resulting leading-order term in the string effective action and the
corresponding field equations for g(t), b(t), φ(t) are explicitly invariant under the duality
[17]. However, both the solutions and their duality rotations in this case are modified by
α′-corrections and their exact form is not known explicitly.
Instead, we shall take ta to be the pair of light-cone coordinates (u, v) and impose the
null Killing symmetry by letting the background fields to depend only on u, i.e.
I(u, v, x) =
1
πα′
∫
d2z{−2∂u∂¯v + (gij + bij)(u) ∂xi∂¯xj}+ 1
4π
∫
d2z
√
γR(2)φ(u) . (1)
2 In general, one can also introduce ‘non-diagonal’ terms like Aai∂t
a∂¯xi (see e.g. [20]) which
we shall ignore.
2
The only non-zero components of the connection, curvature and Hµνκ = (∂µbνκ +
cycle) (xµ = u, v, xi) are
Γvij =
1
2
g˙ij , Γ
i
ju =
1
2
gikg˙kj , F˙ ≡ dF
du
,
Riuju = −1
2
g¨ij +
1
4
gmng˙img˙nj , Huij = b˙ij , (2)
so it is easy to show that the one-loop conformal invariance equations
β¯Gµν = Rµν −
1
4
HµκλH
κλ
ν + 2DµDνφ = 0 , β¯
B
µν = −
1
2
DλHλµν + ∂
λφHλµν = 0 ,
reduce just to one equation (β¯Guu = 0)
3
−1
2
gij g¨ij +
1
4
gijgmng˙img˙jn − 1
4
gijgmnb˙imb˙jn + 2φ¨ = 0 . (3)
Moreover, there are no α′-corrections to the β¯G = β¯B = 0 equations on this background:
all higher-order contractions of relevant tensors vanish [5][10]. This is also obvious from
the path integral point of view [3]: the field v in (1) plays the role of a Lagrange multiplier
that ‘freezes’ out fluctuations of u unless there are sources corresponding to the u-direction.
Once the one-loop condition of conformal invariance in the uu-direction (3) is satisfied, it
is easy to argue from the structure of (1) that no higher-loop divergences can appear.
Since all the scalar invariants vanish, there are no contributions to the central charge, i.e.
c = 2 +D.4
3 The most general D + 2 dimensional Minkowski signature metric admitting a covariantly
constant null Killing vector can be represented as ds2 = Gµνdx
µdxν = −2dudv+ gij(u, x)dx
idxj .
When the transverse metric is flat one can make a coordinate transformation to put the full metric
into the form: ds2 = −2dudv+ dxidxi+2Ai(u, x)dx
idu+K(u, x)du2 . As explained in [10] exact
solutions of the string equations with gij = δij, Ai = −
1
2
Fij(u)x
j , K = kijx
ixj + k0, considered
in [3][4][5] are equivalent to the solutions with gij = gij(u) in [6][7]. Equivalent representations for
Bµν are Biu = −
1
2
b˙ijx
j , Bij = 0 and Biu = 0, Bij = bij(u). Note that in our model (1) Bµv = 0
since if Bµv = Bµv(u) 6= 0 there are non-vanishing higher order α
′-corrections to the string field
equations.
4 In contrast to the case of non-conformal ‘transverse’ theory [9][10] here one cannot include
the linear pv-term in φ since this leads to the conditions pg˙ij = 0, pb˙ij = 0.
3
The solutions of (3) thus represent exact string backgrounds. Since we have just one
equation for D2+1 unknown functions gij(u), bij(u), φ(u) there are many particular solu-
tions. For example, we can set bij = const or φ = const or gij = δij . The latter case looks
the simplest since it corresponds to the flat 2 +D dimensional space (and in this sense is
analogous to the linear dilaton background [30]) with the conformal invariance (3) being
maintained by the balance of contributions of non-constant antisymmetric tensor and dila-
ton fields. In contrast to the case of the linear dilaton vacuum here the propagation of the
classical string is non-trivial being effected by the bij background. As for the propagation
of the quantum string modes, it is easy to see that the propagation of the tachyon field in
this background remains the same as in empty space: the dilaton dependence in
−1
2
D2T + ∂µφ∂µT − 2
α′
T = −1
2
∂2i T − ∂u∂vT + ∂uφ∂vT −
2
α′
T
can be completely eliminated by T → T ′ = eφ(u)T . Similar conclusion holds for the
propagators of other modes except the graviton one (the graviton propagator is changed
from the flat one by O(b˙2ij)-dependent terms). The string interaction vertices depend of
course on φ(u) (and some also on b˙ij) so that the scattering of strings on this background
should be quite non-trivial.
Another special case is φ = const. Then eq.(3) is satisfied due to the cancellation
between the Ricci tensor and the antisymmetric tensor field strength contributions as for
parallelisable spaces or WZW models [31]. In fact, a particular model of this type (with
D = 2) was recently interpreted [32] as a WZW theory based on a non-semisimple group
(a central extension of the 2-dimensional Euclidean group). The corresponding action can
be put into the form
I(u, v, x) =
1
πα′
∫
d2z
(−2∂u∂¯v+∂x1∂¯x1+∂x2∂¯x2+2 cosu∂x1∂¯x2)+ 1
4π
∫
d2z
√
γR(2)φ0 .
(4)
The structure of this action is very simple: if one formally replaces −2∂u∂¯v - term by
∂u∂¯u then (4) becomes the action of the SU(2) WZW model. One can also make the
4
complex rotation u′ = iu, v′ = −iv replacing cosu by coshu and thus going from SU(2)
to SL(2, R). This observation implies that the O(2, 2) duality transformations of (4) with
respect to x1, x2 look the same (with ∂u∂¯u → −2∂u∂¯v) as the duality rotations of the
SU(2) WZW model (discussed in [19][33][34][20][35]). For example, performing the duality
transformation in the (x1 + x2)-direction we get
I ′ =
1
πα′
∫
d2z
[−2∂u∂¯v+tg2(u
2
)∂y1∂¯y1+∂y2∂¯y2
]
+
1
4π
∫
d2z
√
γR(2)[φ0− 1
2
ln(1+cosu)] .
(4′)
Another example is a partucular O(2, 2) duality transformation [20] that leads from from
the ‘charged black hole’ ([SL(2, R)×R]/R gauged WZW) model of [26]
I ′′ =
1
πα′
∫
d2z{−2∂u∂¯v + (λ− 1) sin
2 u
2
cos2 u2 − λ
∂y1∂¯y1 +
λ cos2 u2
cos2 u2 − λ
∂y2∂¯y2
− λ sin
2 u
2
cos2 u2 − λ
(∂y1∂¯y2 − ∂y2∂¯y1)}+ 1
4π
∫
d2z
√
γR(2)[φ0 − 1
2
ln(1− 2λ+ cosu)] , (4′′)
where λ is a free parameter. The models (4′),(4′′) belong to the same class (1). Since
the standard leading-order duality rotations we have applied preserve the one-loop string
equations (i.e. preserve (3), see below) the backgrounds in (4′),(4′′) also represent exact
string solutions.
3. Let us now discuss systematically the action of the O(D,D|R) duality on the
above class (1) of exact string solutions. First, let us demonstrate explicitly that eq.(3) is
invariant under O(D,D|R) duality. The argument is essentially the same as in the time-
dependent case of [17] (but even simpler).5 Introducing the basic 2D × 2D matrix M(u)
5 It is possible to check the invariance of the string effective action as in [17] by introducing
the Lagrange–multiplier field Guu (not transforming under the duality) the variation over which
gives (3). Then the string effective action takes the form:
∫
due−2ϕ{−
2
3
(D − 24) + α′Guu[
1
8
Tr
(
M˙ηM˙η) + 2ϕ¨]} .
.
5
[12] built out of gij(u) and bij(u), the constant matrix η and the duality-invariant dilaton
ϕ(u) [16][15]
M =
(
g−1 −g−1b
bg−1 g − bg−1b
)
, η =
(
0 I
I 0
)
, (5)
ϕ = φ− 1
4
ln det g , e−2ϕ = e−2φ
√
g , (6)
one can represent (3) in the form
1
8
Tr
(
M˙ηM˙η) + 2ϕ¨ = 0 , (7)
which is manifestly invariant under the O(D,D|R) transformations (with a constant pa-
rameter matrix Λ)
M ′ = ΛMΛT , ϕ′ = ϕ , ΛT ηΛ = η . (8)
The two terms in (7) are particular invariants of the duality group. The class of back-
grounds corresponding to (1) splits into orbits under the action (8) of O(D,D|R). For
example, let us consider the orbit that contains the flat background gij = δij . It is clear
that (some) duality transformations will rotate this flat background into curved ones. This
is similar to the well-known example of the duality transformation acting on flat space in
flat coordinates [19][17]: ds2 = dr2 + r2dθ2 → ds2 = dr2 + r−2dθ2. However, in our
case both the original and the duality transformed backgrounds are known explicitly since
they are not modified by α′-corrections. For example, consider the following D + 2 = 4
background
gij =
(
1 f
f 1 + f2
)
, bij = 0 , f = f(u) , φ = φ(u) , (9)
where f and φ are related by (3), i.e. Ruu = −12 f˙2 = −2φ¨. After the duality rotation in
the x1-direction we get
g′ij = δij , b
′
ij = −fǫij , φ′ = φ , (10)
i.e. we have transformed a curved (Riuju 6= 0) four-dimensional background into the one
with a flat metric (but non-trivial antisymmetric tensor and dilaton).
6
If we assume that the spatial directions xi form a torus then the duality subgroup
O(D,D|z) will generate backgrounds that all correspond to the same conformal field theory
[19][20]. In particular, (9) and (10) thus give different space-time representations of the
same exact string solution. Another example is provided by (4) and (4′) and (4′′).
4. In addition to the xi-isometries, the action (1) is also invariant under the constant
shifts of v corresponding to the null Killing vector. This is a novel situation absent in the
case of the ‘cosmological’ backgrounds of [17]. One is thus tempted to consider more general
O(D+1, D+1) rotations of the models (1). Performing the duality ‘inversion’ in the null
direction leads to a singularity. One could hope that inclusion of other non-null isometry
directions may ‘regularize’ this singularity. Formally, the string equations should still be
invariant under such duality rotations. In general, O(D+1, D+1) transformations move us
out of our class of exact null backgrounds (1). However, a subset of transformations which
contains O(D,D) transformations combined with ‘triangular’ GL(D + 1, R) coordinate
transformations v′ = av + cix
i, x′
i
= dijx
j still preserves the class (1).
Let us now show that first making a coordinate transformation and then such an
O(3, 3) duality rotation including the GL(3, R) shift of v it is possible to transform the
model (4) into the trivial one (with flat gij and constant bij , φ). Changing the coordinates
(u, v, x1, x2)→ (u, v′, r, θ)
r cos θ = x1 + x2 cosu , r sin θ = x2 sinu , v
′ = v − 1
2
x1x2 sinu ,
one can put (4) into the form
I(u, v, r, θ) =
1
πα′
∫
d2z
(−2∂u∂¯v′+∂r∂¯r+r2∂θ∂¯θ−2r2∂u∂¯θ)+ 1
4π
∫
d2z
√
γR(2)φ0 . (11)
The simple duality with respect to θ transforms (11) into
I ′(u, v, rθ′) =
1
πα′
∫
d2z
(−2∂u∂¯v′ + ∂r∂¯r + r−2∂θ′∂¯θ′ − 1
2
∂u∂¯θ′ − 1
2
∂¯u∂θ′
)
+
1
4π
∫
d2z
√
γR(2)(φ0 − 1
2
ln r) . (11′)
7
If we now shift v′ → v + 12θ′ and perform the duality with respect to θ′ we get precisely
the flat sigma model with constant antisymmetric tensor and dilaton. One is thus able to
relate the model (4) to the flat one by combining a peculiar coordinate transformation with
two O(2, 2) rotations and a linear shift of v (as noted above, the latter can be considered
as an element of O(3, 3) rotation).6
In conclusion, let us emphasize the important role played by the antisymmetric tensor
background in the models (1). Since the duality intertwines the metric and the antisym-
metric tensor, in some cases the antisymmetric tensor background may play the role (from
a string point of view) of a curved metric background. We hope that further study of the
class of backgrounds (1) may help to elucidate the role of duality as a (part of) generalized
‘coordinate invariance’ in string theory.
6 While typing this paper we have learned about a recent preprint [36] in which a possibility
to transform the background of [32] to flat space by a pure O(2, 2) duality rotation is mentioned.
We were also informed that a duality rotation of a gauged version of the model of [32] also leading
to a flat space was discussed in [37].
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